. Covariant integral quantisation using coherent states for semidirect product groups is studied and applied to the motion of a particle on the circle. In the present case the group is the Euclidean group E(2). We implement the quantisation of the basic classical observables, particularly the 2π -periodic discontinuous angle function and the angular momentum, and compute their corresponding lower symbols. An important part of our study is devoted to the angle operator given by our procedure, its spectrum and lower symbol, its commutator with the quantum angular momentum, and the resulting Heisenberg inequality. Comparison with other approaches to the long-standing question of the quantum angle is discussed.
( . ) H = p 2 θ 2ml 2 − m l cos θ , −π ≤ θ < π , and is conserved: H = E. According to the values of E, we distinguish between types of motion, namely rotation at large enough energy E > m l, libration at small enough energy E < m l, with a bifurcation separatrix at E = m l.
When we wish to establish the quantum version of this classical model, we face the di culty of properly defining a localisation operator on the circle, whereas such an object exists unambiguously for the quantum model of the motion on the line. Indeed, supposing that a 2π periodic wave functions ψ (θ ) exists on the circle, we cannot introduce an angle operatorθ as the multiplication operator (θψ )(θ ) = θψ (θ ) without breaking the periodicity, except if the factor θ stands for the 2π -periodic discontinuous angle function, i.e., ( . ) (θψ )(θ ) := θ − 2π θ 2π ψ (θ ) ,
as given for instance in [ ] (see also [ ])
, and where · stands for the floor function. On a more mathematical level, if we requireθ to be a self-adjoint multiplication operator with spectrum supported by the period interval [0, 2π ), on which are defined these 2π periodic wave functions, it is well known that the canonical commutation rule θ ,p θ = i I cannot hold with a self-adjoint quantum angular momentump θ = −i ∂ ∂θ . In consequence, it is necessary to revisit the quantum localisation on the circle and its related Heisenberg inequality ∆θ ∆p θ ≥ glb. Most of the approaches and subsequent discussions rest upon the replacement of a hypothetical angle operator with the quantum version of a smooth periodic function of the classical angle, at the cost of the loss of satisfying localisation properties.
Perhaps an even simpler physical system where the circular nature of a coordinate manifests itself is the torsion pendulum. Classically, it is an oscillator whose restoration force is torque. Consider a disc suspended by a wire, free to rotate along its axis. As the disc rotates by an angle θ of twist from its equilibrium position in radians, the wire resists such deformation by developing a restoring torque τ = −kθ , where k is the torque constant of the wire. The rotation equation of motion, neglecting the moment of inertia of the wire, is then the simple harmonic equation I θ = −kθ , where I is the moment of inertia of the disk. The Hamiltonian has the form H tp = that H = 1 2 p 2 + q 2 . Now, although the coordinate q is supposedly a periodic angle coordinate, it assumes its value in a subinterval of (−π , π ) for obvious reasons. Here too, a consistent localisation is required when one deals with the (hypothetical) quantum version of this model.
Let us now present a survey of the huge literature on this problematic angle operator conjugate to the quantum angular momentum, or on its parent phase operator conjugate to the number operator. Since Dirac's proposal [ ] of a phase operator in (see also [ ]) and his mention of a canonical commutator between phase and number operators, there has been a wealth of works dedicated to the description of the phase and angle operators. An early review focused on the commutation relations between angle and angular momentum and between phase and number operators is the celebrated [ ]. For a review in the context of electromagnetic theory, see [ ]. In the following we do not attempt to exhaust all the literature, but we only highlight some of its landmarks. In the wake of Dirac's proposal, early works were fixed on the goal of attaining canonical commutation relations which reproduce the classical Poisson brackets, in analogy to position and momentum. It was soon realized that this was not possible, due to angular momentum operator domain issues [ ]. The non-canonical commutation relation ( . ) θ ,p θ = i 1 − 2π n δ (θ − 2nπ ) , a trivial consequence of ( . ), was used to derive modified uncertainty relations [ ], which were deemed incorrect for not taking into account the domain of the commutator. Then a new uncertainty relation was proposed for self-adjoint operators A and B based on a symmetric bilinear form Φ A,B (f , ) which reproduces the matrix elements of the non-canonical commutator on eigenfunctions of the angular momentum operator. However, in order to correct the lack of rotation symmetry which follows from the uncertainty relations ∆A ∆B 1/2 Φ A,B (f , ) , yet another uncertainty relation was put forward by [ ]. According to [ ], the phase has no direct physical meaning in terms of measurement, so periodic functions of the phase such as sine and cosine were chosen as the relevant quantities in deriving commutation relations with the number operator. The idea of using periodic functions in place of the angle variable has been pursued in many works where a formal operator algebra is used to derive uncertainty relations [ , ] . The trick is to find operators C (for cosine) and S (for sine) such that C + iS is unitary, thus defining a self-adjoint phase operator. This approach was then put on rigorous grounds, where a self-adjoint phase operator was defined which has canonical commutation relations with the number operator in [ , , ] In [ ] a no-go theorem is proved about the nonexistence of a phase operator along the lines of the previous works for systems with finite degrees of freedom.
In [ ] the author proposes that instead of the usual restriction of observables to hermitian operators (or rather, self-adjoint operators), one consider non-hermitian operators (or rather, non-self-adjoint operators) whose eigenstates still provide a resolution of the identity and the necessary probabilistic interpretation of the Hilbert space formalism. In such a manner, one is able to obtain meaningful commutation relations between the angular coordinate and the angular momentum, or between the phase operator and the number operator. For instance, in the case of the angle operator, the author proposes that in place of the discontinuous angle operator, one should consider the corresponding unitary operator exp iφ, which has well-defined commutation relations with the angular momentum operator. As a result, one has the familiar Heisenberg inequality proposed by [ ].
A work by Royer [ ] related to these questions also deserves to be mentioned. A popular approach [ , ] is one in which the phase and number operators are defined in an n-dimensional space, so all computations are performed prior to taking the n → ∞ limit (for a review, see [ ]). For works more specifically oriented towards quantum measurement, see [ , ] .
Most of these works address the question of the validity of commutation relations between the phase (resp. angle) operator, defined in a particular way, e.g., by means of a smooth function, and the number operator (resp. angular momentum) (see also [ ] for a clear mathematical analysis). One of our aims in the present work is to build, from the classical angle function acceptable angle operators through a consistent and manageable quantisation procedure. We recall that the standard (∼ canonical) quantisation is based on the replacement of the classical conjugate pair (q, p) ∈ R 2 , with {q, p} = 1, by its quantum counterpart (Q, P) made of two essentially self-adjoint operators having continuous spectrum R and such that [Q, P] = i I . As a result, the quantisation of a classical observable is the (not well-defined) map f (q, p) → Symf (Q, P), where the symbol Sym stands for symmetrisation, which maps real functions to symmetric operators. Due to the pragmatic stance of the procedure, canonical quantisation is commonly accepted in view of its numerous experimental validations since the emergence of quantum physics. Now, when one wants to implement the method in dealing with geometries other than simple Euclidean spaces, particularly when one is concerned with impenetrable barriers, or when one wants to quantise singular functions, one may be faced with serious mathematical problems. This is precisely the case we are considering in this article, namely the discontinuous angle (or phase function arctan p/q in the above case), for which canonical quantisation is clearly unsuited.
In the present work we revisit the problem of the quantum angle through coherent state (CS) quantisation, which is a particular (and better manageable) method belonging to (covariant) integral quantisation [ , , ] . Various families of coherent states have already been used for this purpose, as the standard or the so-called circle coherent states or even more general versions like the ones in [ , ] . CS quantisation has also been applied in the finite-dimensional Hilbertian framework in [ ], where infinite-dimensional limits are taken of mean-values of physical quantities in order to obtain the usual commutation relations between phase and number operators. The essential ingredient of CS quantisation or the more general integral quantisation is the resolution of the identity provided by a (positive) operator-valued measure. Here, our approach is group theoretical, based on unitary irreducible representations of the Euclidean group E(2) = R 2 SO(2), and it is strongly influenced by the seminal paper by De Bièvre [ ] and chapter of the book [ ]. Related group theoretical approaches are found in [ , , , ] .
Let us give an overview of covariant integral quantisation of functions (or distributions when allowed by context) defined on a homogeneous space X , viewed as the left coset manifold X ∼ G/H , for the action of a Lie group G, where the closed subgroup H is the stabilizer of some point of X . The case when X is a symplectic manifold (e.g., a co-adjoint orbit of G) is of particular interest since it may be viewed as the phase space for the dynamics of some system. Suppose that X is equipped with a quasi-invariant measure ν , that is, dν( −1 x) = λ( , x)dν (x) (∀ ∈ G), with λ( , x) obeying the cocycle condition λ( 1 2 , x) = λ( 1 , x) λ( 2 , −1 1 x). For a global Borel section σ : X → G of the group, let ν σ be the unique quasi-invariant measure defined by
Let U be a UIR which is square integrable mod(H, σ ) with an admissible density operator ρ, i.e., ρ ≥ 0, Tr(ρ) = 1, and
Then square-integrability mod(H, σ ) entails that we have the resolution of the identity
The latter allows us to implement integral quantisation of functions (with possible extension to distributions) on X , which is defined as the linear map
where we have labeled the dependence on section σ . Covariance holds in the following sense (see Chapter 11 in [ ] ). Consider the sections σ : X → G, ∈ G, which are covariant translates of σ under :
where the cocycle h( ,
For U square integrable mod(H, σ ), the general covariance property of the integral
Similar results are obtained by replacing ρ by more general bounded operators M, provided integrability and weak convergence hold in the above expressions. When ρ is a rank-one density operator, i.e. ρ = |η η|, one says that η ∈ H is admissible, and we are working with CS quantisation, where the CS's are defined as |η x := |U (σ (x))η . In this restricted context, η is also called fiducial vector.
The organisation of the paper is as follows. In Section we specify the above formalism to Lie groups G which are semi-direct products of the type G = V S, where V is an n-dimensional vector space and S is a subgroup of GL(V ). We present some important isomorphisms in order to construct the phase space of a physical system having as a configuration space a certain coset manifold G/H . We also present the notion of induced representations of the group G using a representation of the subgroup H of G. Using this representation of G we construct a family of CS's and explain how to perform covariant integral quantisation of functions on G/H . In Section we apply the above formalism to one of the simplest cases, namely the Euclidean group E(2) which is the semidirect product E(2) = R 2 SO(2) and we introduce coherent states for E(2) along the lines described above. In Section the corresponding covariant CS quantisation is implemented. In this case, the G-coset X = G/H = R 2 SO(2) /R is represented by the cylinder X = R × S 1 = {(p, q) , p ∈ R , q ∈ [0, 2π )}. The configuration manifold is the unit circle on which the motion of the particle takes place, and the velocity is parametrized by p. CS quantisation maps functions f (p, q) to operators A f (here we drop the σ dependence for the sake of simplicity) in the Hilbert space H carrying the group representation U of G . When f is real, i.e. when it is viewed as a classical observable, we expect that A f be self-adjoint, or at least symmetric. We study the cases where the function f (p, q) = u(q) does not depend on p and leads to a multiplication operator, the elementary example u(q) = e inq , the quantum angular momentum issued from f (p, q) = p, the kinetic energy f (p, q) = p 2 , as well as products of the type pu(q) or p 2 u(q), in order to cover the majority of the interesting Hamiltonians in quantum mechanics. In Section a family of probability distributions is constructed from the CS. They provide a semi-classical portraitf (p, q) associated to the operator A f . Explicit formulas are given forǔ(q) andp. Section is devoted to the study of the angle operator resulting from the quantisation of the 2π -periodic discontinuous angle function, particularly its spectrum as a bounded self-adjoint multiplication operator. The study is illustrated analytically and numerically with the use of a particular family of smooth fiducial vectors η. Section is devoted to the analytic and numerical study of the commutation relation between quantum angle and quantum angular momentum and the resulting uncertainty relation or Heisenberg inequality. In Section together with Appendix A, we discuss the link between the coherent states on which our work is based and the coherent states built from probabilistic requirements given in [ ]. The latter are a generalisation of coherent states for the circle proposed by various authors [ , , , , ] , as well as of subsequent developments [ , , ] . In the conclusion (Section ), we give some hints on upcoming research.
. T This material is essentially borrowed from [ , ] .
. . Semidirect product groups. Let us consider an n-dimensional vector space V , a subgroup S of GL(V ) and the group G = V S with:
• the action → s of S on V , for ∈ V and s ∈ S,
• the semidirect product law of composition (x 1 , s 1 )(x 2 , s 2 ) = (x 1 + s 1 x 2 , s 1 s 2 ) for x 1 , x 2 ∈ V and s 1 , s 2 ∈ S, • the action V * k → sk of S on the dual V * ∼ V , defined by sk; x = k; s −1 x (dual pairing between V * and V ), • the adjoint action of G on its Lie algebra g: Ad (X ) = X −1 for ∈ G and X ∈ g, • the coadjoint action of G on g * : Ad # (X * ); X g * ,g = X * ; Ad −1 (X ) g * ,g for X * (dual pairing between g * and g). We now present some useful isomorphisms (summarized in the equation . ). Given the orbit of k 0 ∈ V * under the action of S
The stabilizer H 0 = N 0 S 0 of (k 0 , 0) ∈ g * under the coadjoint action is the semi-direct product between the annihilator
and the stabilizer S 0 = {s ∈ S |sk 0 = k 0 } of k 0 ∈ V * under the action of S. The left coset space X = G/H 0 is isomorphic to T * O * . Considering the space V 0 = T * k 0 O * , the space T * O * is isomorphic to V 0 × O * as a Borel space. We can summarize the isomorphisms given above in the following way
. . Induced representations for semi-direct product groups. Let us consider a one-dimensional unitary representation of V given by the character χ ( ) = exp(−i k 0 ; ) (for k 0 ∈ V * and ∈ V ), and a unitary irreducible representation s → L(s) of S 0 (carried by the Hilbert space K). Then one defines a unitary irreducible representation of
A detailed proof of this relation can be found in [ ], Chapter , Section . .
Given the relation
Let us consider the bundle S π S − − → O * with the projection S s → π S (s) ∈ O * , and the smooth section Λ : O * → S such that
In this way any element s ∈ S can be written as
Then one defines the action of S on O * as s π S (s) = π S (s s) for s , s ∈ S. Considering this action and the property π S [Λ(sk)] = sk one gets
Let us consider the bundle
According to the definition ( . ) and the equation ( . ), one finds the relation
In other words (0, Λ(sk)) and ( , sΛ(k)) belong to the same fiber (equivalence class). Therefore,
The element h(( , s), k) ∈ G defines the cocycles h : G×O * → V S 0 and h 0 :
The expression ( . ) is a representation of G, which is induced by the representation χ ⊗ L of V S 0 . The representation U χL of G is irreducible.
. . Coherent states for semi-direct product groups. From the isomorphisms ( . ) one constructs a section
where (p, q) are canonically conjugate pairs for the symplectic structure of the manifold V 0 ×O * . Given the invariant symplectic measure dµ(p, q) for V 0 × O * , the action of the induced representation ( . ) of G on a vector η ∈ H gives a family of vectors
Since in the present paper the representation L is actually trivial, we dismiss K from now on, so that
If we prove that it is equal to c η ϕ |ψ for some constant 0 < c η < ∞, we obtain that the resolution of the identity
holds on H. In the case we are considering in this paper, we will see that ( . ) holds by imposing restrictions on supp η. When ( . ) is valid, the states ( . ) are our (covariant) coherent states, which generalize the Gilmore-Perelomov construction [ , ] .
. . Covariant integral quantisation. In the present framework, CS quantisation maps the classical observable f (p, q) in phase space to the operator A f acting on the Hilbert space H by means of the formula
If f is real, the operator A f is symmetric by construction, and if f is real semi-bounded, then there exists a canonical self-adjoint extension of A f , called Friedrichs extension, based on quadratic forms.
Covariance holds in the sense of ( . ):
. In the context of CS quantisation, one defines the semiclassical portrait of the operator A f , or its lower [ ] or covariant [ ] symbol, as
It can be viewed as the average of the function f (p, q) with respect to the probability distribution (p , q ) → η p ,q |η p,q 2 /c η with respect to the measure µ. Given a family of scale parameters ϵ i , e.g. Planck constant, characteristic length, ..., and a distance function d(f ,f ), a classical limit of A f , if it exists, can be viewed as
while the set of ϵ i 's are subject to possible constraints, like fixed ratios.
.
C E(2)
Following the method exposed in the previous section, one now considers the Euclidean group G = E(2), where V = R 2 and S = SO(2). The action of SO (2) 
where R(q) corresponds to a rotation by the angle q. An element of E(2) can be represented by the pair (x, q), for which the composition law reads
The orbit of k 0 ∈ R 2 under the action of SO (2) is (2) is obtained by direct application of Equation ( . ). Since h 0 : S × O * → S 0 and the stabilizer S 0 of k 0 is the identity, for (r, θ ) ∈ E(2) we have
The cotangent bundle represents the classical phase space for a particle moving on a circle, where q is the angular position. Due to the isomorphisms ( . ), the cotangent bundle becomes
that is, it carries coordinates (p, q) ∈ R × S 1 and symplectic invariant measure dp dq ≡ dp ∧ dq.
Theorem . . There exists a section
where κ, λ ∈ R 2 are constant vectors.
Proof. Let us consider a section σ :
where f (p, q) is a function to be determined. An immediate factorization of (r, θ ) ∈ G using the elements (x, 0) ∈ H 0 is given by
With this expression at hand, one writes
Taking into account section ( . ), the decomposition ( . ) becomes
Therefore, we arrive at the conditions
These conditions determine the change of variables (p, q) → (p , q ) for the angular coordinate q and its conjugate momentum p. The condition ( . ) provides a definition for the function q (q, θ ), but not an explicit expression for the function p (p, q, θ, r). From ( . ) the vector x is written as
For ∈ G, γ ∈ X and h ∈ H 0 , the isomorphisms ( . ) validate the relation σ (γ ) = σ ( γ )h, where γ is the action of G on X . We make the following correspondences:
Since (x, 0) ∈ H 0 , we have from ( . ) c · x = 0. For the particular case r = 0, equation ( . ) is written as
Choosing q = 0 leads to
The vector c is fixed, and when the value of p is also fixed, the right-hand side of the equation ( . ) should be independent of θ . Therefore p (p, 0, θ, 0) must be independent of θ , i.e., p = p (p, 0, 0). In order to eliminate the dependence on θ from ( . ), we write f (p (p, 0, 0), θ ) as
where g is a function to be determined. Since dp ∧ dq should be left invariant under the change of variables (p, q) → (p , q ), i.e. d p dq = | |dp dq with | | = 1, the only possible choice is
Considering ( . ) and ( . ) we arrive at
The simplest generalisation of ( . ) to the case q 0 is
With this choice, the vector f (p, q) assumes the form
has the property g(p) → g(p + constant) when p → p . Hence, the simplest choice is g(p) = κp + λ where κ, λ ∈ R 2 are constant vectors
The section σ (p, q) given by ( . ) may not be the most general type of Borel section allowed in this problem, but is compatible with the conditions ( . ).
and equipped with the scalar product
Definition . . Using the section ( . ), the induced representation ( . ) , and a choice of fiducial vector η ∈ L 2 (S 1 , dα), we define the following states in the manner of ( . ):
Definition . . With the same notations as above we define the function S x (α, α , q) as
We now have to prove that the states ( . ) are coherent in the sense that they solve the identity.
and the vectors η p,q form a family of coherent states for E(2) which resolves the identity on
is admissible in the sense that supp η ∈ (γ − π , γ )mod 2π , and
Proof. In order to prove theorem . , we must find the conditions for which the integral I (ψ , ϕ) is finite and equal to ψ | ϕ . After integrating with respect to the variable p by using
Now the Dirac delta has the expansion
where α k and α k are the roots of S γ (α, α , q) obtained when
Dirac delta is now written as
With the help of expression ( . ), using the 2π periodicity of all involved functions and the fact that one integrates over one period interval, integral ( . ) becomes ( . )
Performing the change of variable q → q = α − q in both integrals, and choosing (γ − π , γ + π ) as the integration interval for the q variable, one has ( . )
In order to avoid the singularity appearing in the denominator of the integrand of the first integral in ( . ), we impose that |sin (γ − q )| 0 for q ∈ supp η. Hence, we choose supp η ⊂ (γ − π , γ ). The second integral vanishes, since 2γ − q supp η. Thus ( . ) reduces to
Imposing the condition
gives I (ψ , ϕ) = ψ |ϕ . With this result the integral ( . ) take the form
Hence the vectors η p,q form a family of coherent states for E(2) which resolves the identity on L 2 (S 1 , dα).
For the sake of later convenience, we introduce the following families of integrals:
where ν ∈ C is such that convergence is assured.
With this definition, c 0 = 1 (normalisation of η), and the constant c η is given by c η = 2π κ c 1 (η, γ ). Definition . . For η of class C k , we define for j ≤ k the set of functions
. Q The quantisation of a classical observable f (p, q) issued from ( . ) with an admissible fiducial vector η is given by
The operator A f acts on the Hilbert space L 2 (S 1 , dα) as the integral operator
The expression ( . ) is quite involved. Hence, in the sequel we examine manageable particular cases.
. . Quantisation of a function of q. Let us introduce the positive 2π -periodic function
, which plays an important role in the sequel. In the period interval [−π , π ) and for 0 ≤ γ < π , this function has support in the interval (γ − π , γ ), as does η, and it is normalised in the sense that ( . )
Thus it can be considered a probability distribution on the interval
, and the average value of a function f (α) on the same interval will be denoted by
The application of ( . ) and ( . ) to the quantisation of functions which only depend on the angle is straightforward and leads to the following result.
Proposition . . For f (p, q) = u(q) with u(q +2π ) = u(q), A u is the multiplication operator
where the periodic convolution product on the circle is defined by
Moreover, since the function E η;γ is a probability distribution on a period interval, a standard result of Analysis [ ] on convolution allows us to state the following.
Proposition . . If the 2π -periodic function u is bounded on a period interval, then the 2π -periodic convolution (E η;γ * u) is bounded and continuous.
An elementary example: the Fourier exponential. The operator A e n associated with the Fourier exponential e n (α) = e inα is given by ( . ). The convolution E η;γ * e n takes the form ( . )
The change of variables q → α − q yields the multiplication operator ( . )
A suitable choice of the fiducial vector allows one to obtain const. = 1. Thus the quantum versions of simple trigonometric functions, like sin α, cos α, are multiplication operators defined by these classical functions, as is the case with many other approaches [ ].
. . Quantisation of a function of p.
. . . Momentum p. For the momentum f (p, q) = p, the expression ( . ) becomes ( . )
Taking into account the support of η from theorem . , the above integral reduces to ( . )
Integrating ( . ) with respect to α , using again the conditions on supp η and making the change of variables q = α − q, gives ( . )
where the functions f j;m (q) are defined in ( . ). The quantity ∫ S 1 dq cos (γ − q) f 0;3 (q)+ ∫ S 1 dq f 1;2 (q) is purely imaginary, so it vanishes for real η(α). The expression ( . ) takes the form
where the constant a is
QUANTUM LOCALISATION ON THE CIRCLE
We note that with the admissible choice
one gets, up to the addition of an irrelevant constant, the self-adjoint angular momentum operator −i∂/∂α, with spectrum n ∈ Z and Fourier exponentials e inα as corresponding eigenfunctions. Note that to the same e ect one can choose κ = 1 and η in such a way that c 2 (η, γ ) c 1 (η, γ ) is arbitrarily close to 1.
. . Quantisation of simple separable functions. Many, if not all physically relevant Hamiltonians for one-dimensional systems can be written in the form H = u 2 (q)p 2 + u 1 (q)p + u 0 (q). Thus, it is useful to give the expressions of their quantum counterparts obtained by means of our method. We first define a set of functions which helps to express these operators in a simple way.
Definition . . Given f j;m (q) defined in ( . ), the set of periodic functions B j (q), j = 1, .., 5, is defined as
where the constants ζ , λ, η and γ are given by Definition . .
. . . quantisation of momentum squared. For f (q, p) = p 2 , which is the classical kinetic term up to a multiplicative constant, one has
. . . quantisation of other simple product functions. For the functions pu(q) and p 2 u(q) one obtains
. C -Following ( . ), the classical portraitf (p, q) of the operator A f is given by
Using the functions from the definition . we obtain for ( . ) the involved integral expression
Two simple applications are examined below.
. . Lower symbol for a function of q. In the case where f (p, q) = u(q), after integrating with respect to p and restricting to supp η, the expression ( . ) becomes
Integrating ( . ) with respect to α gives
Finally, using E η;γ (α) from ( . ) it is easy to see that
The same result is obtained by calculatingǔ = ∫ S 1 dα η p,q (α) A u η p,q (α) with the expression ( . ) for the operator A u . Considering the function η(α) = |η(−α)| 2 , the expression ( . ) can be written as the convolution ( . )ǔ(q) = η * E η;γ * u (q) .
. . Lower symbol for the momentum p. For f (p, q) = p, after integrating with respect to p the expression ( . ) becomes
Assuming that η is a real function and proceeding as in the previous case, one arrives at
where the constant a is given by ( . ). The same result is obtained by calculatinǧ p = ∫ S 1 dα η p,q (α) A p η p,q (α) with the expression ( . ) for the operator A p .
. A
. . The angle operator: general properties. Before presenting a key result of our paper, we need to define a 2π -periodic function associated to the function E η;γ introduced in ( . ).
The second fundamental theorem of calculus provides the following property of the function F η;γ .
Proposition . . Suppose that the function E η;γ (α) is continuous. Then the function F η;γ is piecewise continuous and di erentiable for
At the discontinuity point α = 0, the jump of F η;γ is 2π , and its derivative is 2πδ (0).
Theorem . . For the discontinuous 2π -periodic angle function a(α) defined by
( . ) a(α) = α for α ∈ [0, 2π ) ,
the angle operator is the bounded self-adjoint multiplication operator ( . )
A a ψ (α) = E η;γ * a (α)ψ (α) , where the convolution E η;γ * a is given by the 2π -periodic bounded continuous function
We note that the lower 2π jumps of the angle function a at α = 2kπ are exactly canceled by the upper jumps of the function F η;γ at the same points.
Proof. Taking into account the conditions on supp η , the convolution E η;γ * a becomes ( . )
The convolution ( . ) restricted to the interval [0, γ ) is given by ( . )
After the change of variables q → α − q, one has ( . )
For the other intervals one has ( . )
Combining the equations ( . ), ( . ), ( . ), ( . ), and the definition . , we arrive at the expression ( . ) of A a as a multiplication operator on L 2 (S 1 , dα). Since the angle function is bounded, then from Prop. . the convolution function E η;γ * a is continuous and bounded. Since the latter is also real, the corresponding multiplication operator is bounded self-adjoint.
. . Angle operator: analytic and numerical results. A specific section σ is now used (which implies a choice of κ, λ ∈ R 2 ). To simplify, we put λ = 0, γ = π /2 and select a real, even, smooth η(α). Hence, its support is a subset of the right half-circle − π 2 < α < π 2
. We already proved that the spectrum of the angle operator A a is purely continuous and given by the range of the function
In order to study the relation between the localisation of η and the spectrum of A a , we pick the familiar smooth and compactly supported test functions for distributions, namely,
where the parameter ϵ ≥ 0 determines the rate of decrease of ω ϵ . We also note that 0 ≤ ω ϵ (x) ≤ e −ϵ . Now we choose as fiducial vectors the family of 2π -periodic smooth even functions which have support [−δ, δ ] ⊂ (−π /2, π /2) and which are parametrized by ϵ > 0 and 0 < δ < π /2,
The normalisation factor involves the integral ( . ) e ϵ :=
As a function of ϵ ∈ [0, +∞), e ϵ decreases uniformly from 2 to 0. With these definitions, the integrals c ν η, π 2 defined by ( . ) assume the simple form
Graphs of the function η (ϵ,δ ) (α) for a few values of parameters δ and ϵ are shown in Figures a and b. They give an idea of its localisation properties. With the above notations
Taking into account the dependence of supp η on δ , the convolution ( . ) for α ∈ [−π , π ) is given by . The parameters ϵ and δ control the localisation about α = 0 mod 2π of the fiducial function (i.e., "wavelet") η (ϵ,δ ) (α). In the figure a the localisation improves as δ becomes smaller. In the figure b the localisation improves as ϵ becomes larger.
( . ), for di erent values of δ , is depicted in the figure . As δ approaches zero (or ϵ becomes very large), the convolution E η δ ; π 2 * a can be made arbitrarily close to the angle function a. We notice from the figure that the spectrum σ A a of the angle operator is continuous, as expected from the smoothness of the convolution, and is, for a given δ and ϵ, a closed interval strictly included in the interval [0, 2π ], i.e., ( . )
with m(ϵ, δ ) → π as δ → 0 or ϵ → ∞, i.e., the spectrum goes to [0, 2π ). For a fixed value of ϵ, the real number π −m(ϵ, δ ) corresponds to the positive root α ∈ (0, δ ) of the equation
It is interesting to compare the function ( . ) with the semiclassical portrait of A a . Considering the function η (ϵ,δ ) (α) = η (ϵ,δ ) (−α), using the expression ( . ) the semiclassical portrait of A a can be written as
F . The continuity of the convolution E η (ϵ,δ ) ;
Taking into account the support of η (ϵ,δ ) one has explicitly
The behaviour ofq is depicted in the figure in order to be compared with E η (ϵ,δ ) ;
. . Commutation relation. For λ = 0 and ψ (α) ∈ L 2 (S 1 , dα), using ( . ) we find the following (non-canonical) commutation rule between the angle operator and the momentum operator,
Considering Eq. ( . ) and applying Eq. ( . ) we arrive at the following result,
Note that the commutator function
In order to give A p its usual form −i∂/∂α, a suitable choice on κ can be made. We recall that it is always possible to choose η such that c is equal to 1, as it was mentioned above ( . ). Using appropriate localisation conditions on the fiducial vector η, it is also possible to recover the classical canonical commutation rule except for its value at the origin mod 2π . There are two possible choices:
= 0.5 = 2 = 100
For the lower symbolq(q) of the angle operator A a , we check thatq(q) → a(q) as δ → 0 or ϵ → ∞.
• Second choice, κ = 1. In this case one applies a limit condition on the expression ( . ),
With the choice ( . ) for the fiducial vector, the expression of the commutator operator becomes
Selecting one of the two possible choices on κ and applying the limit δ → 0 on the expression ( . ), gives a commutation rule similar to ( . ), with the appearance of a singularity at the origin mod 2π .
. . Heisenberg inequality. Let us now consider the Heisenberg inequality concerning the operators angle and angular momentum, ( . )
. . . With coherent states. As discussed in the introduction, one of the main issues regarding the definition of an acceptable angle operator concerns the quantum angular dispersion versus the quantum angular momentum one. The Heisenberg inequality or uncertainty relation for the operators A p and A a , when computed with the coherent states η p,q , is given by ( . )
Before calculating directly the product of dispersions on the left-hand side of ( . ), let us study in more details the right-hand-side of this inequality as a function of phase space variables and underlying constants. We recall that the factor c = c 2 (η,γ ) κc 1 (η,γ ) can be put equal to 1 following the remarks after ( . ). Thus, we just have to study the relative smallness of the mean value of the multiplication operator given by ( . ). With the choice ( . ), for η (ϵ,δ ) (α) = η (ϵ,δ ) (−α) the r.h.s. of ( . ) reads 1 2
Let us now compute the l.h.s. of ( . ) by using
With the particular case considered in Section , Eq. ( . ), the value of ∆A a 2 is given by ( . ) In figure , ∆A a is almost constant with a very small value (good localisation). The exception corresponds to the region near q = 0 and q = 2π , where we see that it is not possible to have a good localisation since the value of ∆A a is too large.
The value of ∆A p (p) 2 is given by ( . ) As is seen in Figure , with a suitable choice of ϵ and δ , the dependence on p in the expression ( . ) can be neglected, therefore ∆A p does not depend on p or q.
In figure we show that the uncertainty product ∆A a ∆A p for δ = 0.3 gets close to the minimum uncertainty with ϵ = 2 and ϵ = 100. For large values of ϵ the state | η (ϵ,δ ) p,q saturates the uncertainty relation ( . ).
Uncertainty relation
. Behavior of the uncertainty relation for δ = 0.3 and ϵ ≥ 2, respect to the state | η 
The expectation value φ m | A n a |φ m will be
n . The above values are close to the dispersion for ( . ), where ∆θ = π √ 3 = 1.8138. Of course there is no contradiction with the inequality ( . ), since the average value of the commutator in the normalised Fourier exponentials is also vanishing.
. F
In this section, we compare our results with the ones in [ ], where the construction of the angle operator was achieved through a quantisation based on di erent coherent states for the motion on the circle. With the notations of Appendix A where we give a review of the work [ ], these normalised states are defined by the expansion (see (A. ))
where the |e n 's form an orthonormal basis of a Hilbert space, H, and 0 < N σ (p) def = n∈Z w σ n (p) is the normalisation factor. The construction of states ( . ) rests upon the probability distribution w σ (p) on the range of the variable p. It is a non-negative, even, well-localized and normalized integrable function which is subject to the conditions listed in A. . States ( . ) resolve the identity with respect to the measure N σ (p) dp dq 2π . By virtue of the CS quantisation scheme, the quantum operator (acting on H) associated with the functions f (p, q) on the cylinder is obtained through
f (p, q)|p, q p, q| N σ (p) dp dq 2π = n,n A f nn |e n e n | .
In particular, we obtain the angle operator corresponding to the 2π -periodic angle function a(q) previously defined as the periodic extension of a(q) = q for 0 ≤ q < 2π :
( . )
This operator is bounded self-adjoint. For f (p) = p, the assumptions on w σ give ( . )
This is nothing but the number or angular momentum operator (in units of ), which reads A p = −i∂/∂θ in angular position representation, i.e. when His chosen as L 2 (S 1 , dα) with orthonormal basis |e n ≡ e inα / √ 2π (Fourier series). Let us compare states ( . ) with the CS introduced in the present paper and given by ( . ). Their Fourier expansion reads
with Fourier coe cients given by ( . ) c n η p,q = 1 2π
The change of variable α → α − q in ( . ) gives ( . ) c n η p,q = e -inq 1 2π
Comparing the Fourier coe cients ( . ) with the ones given in ( . ) yields the relation
Besides the positiveness condition imposed to the r.h.s integral above, we immediately notice that ( . ) fails to fullfill the condition (A. ), i.e. w σ n (p) = w σ 0 (p − n). Hence, it is not possible to make a direct connection between [ ] and our present work.
. C In this work we address the open problem concerning the quantisation of the angle operator and its related localisation following the method of covariant integral quantisation. The cylinder R × S 1 depicts the classical phase space of the motion of a particle on a circle, which is mathematically realized as the cotangent bundle E(2)/H 0 , where H 0 is the stabilizer under the coadjoint action of E(2). The coherent states for E(2) are constructed from the induced representations of the semi-direct product structure E(2) = R 2 SO(2). For various functions on phase space, the corresponding operators are provided. In the particular case of periodic functions f (q) of the coordinate q, the operators A f are multiplication operators whose spectra are given by periodic functions.
The angle function a(α), defined by a(α) = α for α ∈ [0, 2π ), is mapped to a selfadjoint multiplication angle operator A a with continuous spectrum. For a particular family of coherent states, it is shown that the spectrum is [π − m(ϵ, δ ), π + m(ϵ, δ )], where m(ϵ, δ ) → π as δ → 0 or ϵ → ∞. In other words, we are restricted to the motion on [π − m(ϵ, δ ), π + m(ϵ, δ )], the whole circle is recovered only when δ → 0 or ϵ → ∞. Therefore systems like the classical pendulum or the torsion spring (where the angular motion is restricted) can be quantised without major issues. Is also shown that the semiclassical portraitq of A a can be made arbitrarily close to the values of the angle function a(α).
We found a (non-canonical) commutation rule between the angle operator and the momentum operator, as well as an expression for the uncertainty relation between them. The uncertainty relation with eigenstates of the momentum gives similar results to what we expect at working with ( . ).
A
A. Q
In this appendix, we give a summary of the work [ ] where other coherent states for the motion on the circle and their associated integral quantisation quantisation were presented.
A. . Other coherent states. We start with the cylindric phase space R × [0, 2π ] = {(p, q), | p ∈ R , 0 ≤ q < 2π }, equipped with the measure 1 2π dp dq. We introduce a probability distribution on the range of the variable p. It is a non-negative, even, well localized and normalized integrable function
where σ > 0 is a width parameter. This function must obey the following conditions:
(ii) the Poisson summation formula is applicable to N σ :
where w σ is the Fourier transform of w σ , (iii) its limit at σ → 0, in a distributional sense, is the Dirac distribution:
(iv) the limit at σ → ∞ of its Fourier transform is proportional to the characteristic function of the singleton {0}:
(v) considering the overlap matrix of the two distributions p → w σ n (p), p → w σ n (p) with matrix elements,
we impose the two conditions
Properties (ii) and (iv) entail that N σ (p) → σ →∞ 1. Also note the properties of the overlap matrix elements w σ n,n due to the properties of w σ :
The most immediate choice for w σ (p) is Gaussian, i.e. w σ (p) = 
These functions form the countable orthonormal system in L 2 (S 1 ×R, dp dq/2π ) needed to construct coherent states in agreement with a general procedure explained, for instance, in [ ]. Let H be a Hilbert space with orthonormal basis {|e n | n ∈ Z}, e.g.
e inα . The correspondent family of coherent states on the circle reads as:
These states are normalized and resolve the unity. They overlap as:
The function w σ (p) gives rise to a double probabilistic interpretation [ ]:
• For all p viewed as a shape parameter, there is the discrete distribution,
This probability, of genuine quantum nature, concerns experiments performed on the system described by the Hilbert space H within some experimental protocol, in order to measure the spectral values of a self-adjoint operator acting in H and having the discrete spectral resolution n a n |e n e n |. For a n = n this operator is the number or quantum angular momentum operator.
• For each n, there is the continuous distribution on the cylinder R × S 1 (reps.
on R) equipped with its measure dp dq/2π (resp. dp),
. This probability, of classical nature and uniform on the circle, determines the CS quantisation of functions of p.
A. . CS quantisation. By virtue of the CS quantisation scheme, the quantum operator (acting on H) associated with functions f (p, q) on the cylinder is obtained through
A f nn |e n e n | ,
The lower symbol of f is given by:
If f is depends on p only, f (p, q) ≡ (p), then A f is diagonal with matrix elements that are w σ transforms of (p):
where · w σ n designates the mean value w.r.t. the distribution p → w σ n (p). For the most basic case, (p) = p, our assumptions on w σ give (A. )
This is nothing but the number or angular momentum operator (in unit = 1), which reads A p = −i∂/∂α in angular position representation, i.e. when H is chosen as L 2 (S 1 , dα). Let us define the unitary representation θ → U S 1 (θ ) of S 1 on Has the diagonal operator U S 1 (θ )|e n = e inθ |e n , i.e. U S 1 (θ ) = e iθ N . We easily infer from the straightforward covariance property of the coherent states :
where c n ( ) is the nth Fourier coe cient of . In particular, we have the angle operator corresponding to the 2π -periodic angle function a(q) previously defined as the periodic extension of a(q) = q for 0 ≤ q < 2π (A. ) 
